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(2.1) $\partial_{t}^{2}u-\triangle u=uDu+\lambda|u|^{2}u$ , $t\in[0, T]$ , $x\in \mathbb{R}^{3}$ ,
(2.2) $u(\mathrm{O}, x)=u_{0}(x)$ , $\partial_{t}u(0, X)=u_{1}(x)$ .
, $D$ =F-ll\xi lF , $\lambda$ , $T>0$ .
$\mathrm{M}\mathrm{a}\mathrm{x}\mathrm{w}\mathrm{e}\mathrm{l}1- \mathrm{K}\mathrm{l}\mathrm{e}\mathrm{i}\mathrm{n}-\mathrm{G}\mathrm{o}\mathrm{r}\mathrm{d}_{0}\mathrm{n}$ Yang-Mills
, (2.1) . 3
(2.1) 2 , Sobolev ,
\mbox{\boldmath $\lambda$} $=0$ .
.
Problem $(\mathrm{U}\mathrm{E})$ . $\lambda=0$ $(u_{0}, u_{1})\in H^{S}\oplus H^{s-}1$ .
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(2.4) $\partial_{t}^{2}u-\triangle u=0$ , $t\in \mathbb{R}$, $x\in \mathbb{R}^{3}$ ,
(2.5) $u(\mathrm{O}, x)=u_{0}$ , $\partial_{t}u(0, x)=u_{1}$ .
, $(2.4)-(2.5)$ , Strichartz
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2.2. $n$ . $u$ $(2.1)-(2.2)$ ,
$u_{\epsilon}(t, x)=\epsilon^{-1}u(t/\epsilon, x/\epsilon)$ , $\epsilon>0$
. – , .
$||D^{s}u_{\epsilon}(t)||_{L^{2}}=\epsilon^{n/2-1S}-||D^{S}u(t/\circ’, \cdot)||_{L^{2}}$
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$Q_{0}(u, v)=(\partial tu)(\partial tv)-\nabla u\cdot\nabla v$ ,
$Q_{\alpha\theta},=(\partial\alpha u)(\partial_{\beta}v)-(\partial\beta u)(\partial_{\alpha}v)$ , $0\leq\alpha<\beta\leq 3$ .
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. ([11] )
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(3.4) $(\partial_{t}^{2}-\triangle)\mathrm{A}=-i(\overline{\phi}\nabla\phi-\emptyset\nabla\overline{\emptyset}-\mathit{2}i\mathrm{A}|\phi|^{2})$ ,
(3.5) $-\triangle A_{0}=i(\overline{\phi}\partial_{t}\phi-\emptyset\partial t\overline{\phi}+2iA_{0}|\emptyset|2)$,
(36) $\phi(0, X)=\phi_{0}(x)$ , $\partial_{t}\phi(0, X)=\phi_{1}(x)$ ,
$\mathrm{A}(0, x)=\mathrm{A}_{0}(x)$ , $\partial_{t}\mathrm{A}(0, x)=\mathrm{A}_{1}(x)$ ,
$A_{0}(0, x)=A_{00}(x),$ $\partial_{t}A_{0}(0, x)=A_{01}(x)$ ,
(3.7) $\nabla\cdot \mathrm{A}=0$ .
, $\phi$ A 3 $A_{0}$ , $\phi$
A $A0$ . (3.7) Coulomb
gauge . , (3.3) .
$\partial_{t^{\phi-}}^{2}\triangle\phi=-i(\nabla\cdot \mathrm{A})\emptyset-i\mathrm{A}\cdot\nabla\phi-|\mathrm{A}|^{2}\phi-i(\partial_{t}A_{0})\phi-iA0\partial t\phi+|A_{0}|^{2}\phi$.
, $H^{1}$ . 1 Coulomb
gauge (3.7) . $A0$ , 4, 5
. , 3, 6 , Sobolev
. , 2 . Coulomb gauge (3.7) ,
A .
$\mathrm{A}=\nabla\cross\tilde{\mathrm{A}}=(\partial_{2}\tilde{A}3-\cdot\partial_{3}.\tilde{A}2, \partial_{3}\tilde{A}_{1}-\partial_{1}\tilde{A}_{3}, \partial \mathrm{x}\tilde{A}2-\partial 2\tilde{\mathrm{A}}_{1})$ ,
$\tilde{\mathrm{A}}=(\tilde{A}_{1},\tilde{A}_{2,3}\tilde{A})=(-\triangle)^{-1}(\nabla\cross \mathrm{A})$ .
, .
$\mathrm{A}\cdot\nabla\phi=-Q_{12}(\tilde{A}3, \emptyset)+Q_{13}(\tilde{A}2, \emptyset)-Q_{2}3(\tilde{A}1, \phi)$ .








Open Problems (i) Klainerman-Machedon , Coulomb
gauge (null form) . gauge
, . ,
Yang-Mills . , Maxwell-Klein-Gordon
$-$ $\backslash y$‘ , Yang-
$\mathrm{M}\mathrm{i}\mathrm{u}_{\mathrm{S}}$ –
. , Lorentz . ([25] Chapter 8
) Yang-Mills ,
. , $\mathrm{M}\mathrm{a}\mathrm{x}\mathrm{w}\mathrm{e}\mathrm{l}1- \mathrm{K}\mathrm{l}\mathrm{e}\mathrm{i}\mathrm{n}-\mathrm{G}\mathrm{o}\mathrm{r}\mathrm{d}_{0}\mathrm{n}$
,
. (temporal gauge
, [12] . )
(ii) Maxwell-Klein-Gordon Maxwell-Dirac .
Dirac 1 , $H^{1/2}\oplus H^{1}$ (Dirac
$H^{1/2}$ , Maxwell $H^{1}$ ) . ,
– ,
. (Bournaveas [4] ) Coulomb gauge Dirac




$\mathrm{D}=$ . 4 , Ginibre-Velo [6], Lindblad-Sogge
[20] Keel-Tao [7] , . 3
30
, ( $[11|$ ),
.




. , $(q, r)$
. ,
. , . Strichatz
, $\cdot$
.
(iv) – . ,
22 , scaling argument
. ,
. (null form) ,
3 Klainerman-Machedon [15] , 2
Zhou [31] Klainerman-Selberg [16] . (2
, $Q_{0}(u, v)$ $Q_{\alpha\beta}(u, v)$ .
. ) , Strichratz













, Tsutsumi [30] Ozawa-Tsutsumi [22] ,
.
(vi) Strichartz





(vii) Klainerman-Machedon bilinear estimate ,
,
Tao-Vargas-Vega [32] . [32] , Klainerman-Machedon
Bourgain bilinear estimate , Fourier Kakeya
maximal function ,
.
[1] M. Beals, Self-spreading and strength of singnlarities for solutions to semilin-
ear wave equations, Ann. Math., 118 (1983), 187-214.
[2] M. Beals, Propagation of smoothness for nonlinear second-order strictly hy-
perbolic differential equations, Proc. Symp. Pure Math., 43 (1985), 21-44.
[3] J. Bourgain, Fourier transfom restriction phenomena for certain lattice sub-
sets and applications to nonlinear evolution equations, Part I: Schr\"odinger equa-
tions, Part II: The $\mathrm{K}\mathrm{d}\mathrm{V}$-equation, Geom. Funct. Anal., 3 (1993), 107-156, 209-262.
32
[4] N. Bournaveas, Local existence for the Maxwell-Dirac equations in three space
dimensions, Comm. PDE, 211 (1996), 693-720.
[5] D. M. Eardley and V. Moncrief, The global existence of Yang-Mills-Higgs
fields in 4-dimensional Minkowski space, Commun. Math. Phys., 83(1982), $171’-\wedge$
$191$ .
[6] J. Ginibre and G. Velo, Generalized Strichartz inequalities for the wave equa-
tion, J. Funct. Anal., 133 (1995), 50-68.
[7] M. Keel and T. Tao, Endpoint Strichartz estimates, preprint.
[8] $\mathrm{C}.\mathrm{E}$ . Kenig, G. Ponce and L. Vega, The Cauchy problem for the Korteweg-de
Vries equation in Sobolev spaces of negative indices, Duke Math. J., 71(1993), 1-21.
[9] C. E. Kenig, G. Ponce and L. Vega, A bilinear estimate with applications to
the $\mathrm{K}\mathrm{d}\mathrm{V}$ equation, J. Amer. Math. Soc., $9(1996^{\cdot})$ , 573-603.
[10] S. Klainerman, The null condition and global existence to nonlinear wave
equations, Lect. Appl. Math., $23-(1986)$ , 293-326.
[11] S. Klainerman and M. Machedon, Space-time estimates for null forms and
the local existence theorem., Comm. Pure Appl. Math., 46(1993), 1221-1268.
[12] S. Klainerman and M. Machedon, On the Maxwell-Klein-Gordon equation
with finite energy, Duke Math. J., 74(1994), 19-44.
[13] S. Klainerman and M. Machedon, Finite energy solutions of the Yang-Mills
equations in $\mathbb{R}^{3+1}$ , Ann. Math., 142(1995), 39-119.
[14] S. Klainerman and M. Machedon, Smoothing estimates for null forms and
applications, Duke Math J., 81(1995), 99-133.
[15] S. Klainerman and M. Machedon, Estimates for null forms and the spaces
$H_{s,\delta}$ , IMRN, 17(1996), 853-865.
[16] S. Klainerman and S. Selberg, Remark on the optimal regularity for equa-
tions of wave map type, Comm. PDE, 22 (1997), 901-918.
[17] H. Lindblad, A sharp counterexample to the local existence of low-reqularity
33
solutions to nonlinear wave equations, Duke Math. J., 72(1993), 503-539.
[18] H. Lindblad, Counterexamples to local existence for semi-linear wave equa-
tions, Amer. J. Math., 118(1996), 1-16.
[19] H. Lindblad, Counterexaples to local existence for quasi-linear wave equa-
tions, preprint.
[20] H. Lindblad and C. D. Sogge, On existence and scattering with minimal
regularity for semi-linear wave equations, J. Funct. Anal., 130(1995), 357-426.
[21] H. Lindblad and C. D. Sogge, Restriction theorems and semilinear Klein-
Gordon equations in $(1+3)$ -dimensions, Duke Math. J., 85(1996), 227-252.
[22] T. Ozawa and Y. Tsutsumi, Space-time estimates for null gauge forms and
nonlinear Schr\"odinger equations, Diff. Integr. Eqns., 11(1998), 279-292.
[23] T. Ozawa, K. Tsutaya and Y. Tsutsumi, Well-posedness in energy space
for the Cauchy problem of the $\mathrm{K}\mathrm{l}\mathrm{e}\mathrm{i}\mathrm{n}-\mathrm{G}\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{o}\mathrm{n}-\mathrm{z}_{\mathrm{a}\mathrm{k}\mathrm{h}\mathrm{a}}\mathrm{r}\mathrm{o}\mathrm{v}$ equations with different
propagation speeds in three space dimensions, preprint.
[24] G. Ponce and T. Sideris, Local regularity of nonlinear wave equations in
three space dimensions, Comm. PDE, 18(1993), 169-177.
[25] W. A. Strauss, Nonlinear Wave Equations, Regional conference series in
Mathematics, Vol. 73, 1989, Amer. Math. Soc., Providence.
[26] R. Strichartz, Restriction of Fourier transforms to quadratic surfaces and
decay of solutions of wave equations, Duke Math. J., 44(1977), 705-714.
[27] P. A. Tomas, Restriction theorems for the Fourier transform, Proc. Symp.
Pure Math., Vol. 35, Part 1 (1979), 111-114.
[28] K. Tsugawa, Well-posedness in the energy space for the Cauchy problem of
the coupled system of complex scalar field and Maxwell equations in three space
dimensions, Master thesis, University of Tokyo, March 1998.
[29] K. Tsutaya, Local regularity of non-resonant nonlinear wave equations, Diff.
Integr. Eqns., 11(1998), 279-292.
34
[30] Y. Tsutsumi, The null gauge condition and the one dimensional nonlinear
Schr\"odinger equations with cubic nonlinearity, Indiana Univ. Math. J., 43(1994),
241-254.
[31] Y. Zhou, Local existence with minimal regularity for nonlinear wave equa-
tions, Amer. J. Math., 119(1997), 671-703.
[32] T. Tao, A. Vargas and L. Vega, A bilinear approach to the restriction and
Kakeya conjectures, preprint.
35
